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Abstract – We report mixed lag synchronization in coupled counter-rotating oscillators. The
trajectories of counter-rotating oscillators has opposite directions of rotation in uncoupled state.
Under diffusive coupling via a scalar variable, a mixed lag synchronization emerges when a pa-
rameter mismatch is induced in two counter-rotating oscillators. In the state of mixed lag syn-
chronization, one pair of state variables achieve synchronization shifted in time while another
pair of state variables are in antisynchronization, however, they are too shifted by the same time.
Numerical example of the paradigmatic Ro¨ssler oscillator is presented and supported by electronic
experiment.
The natural presence of a parameter mismatch in
chaotic oscillators under diffusive coupling induces a lag
synchronization (LS) [1–3] instead of a complete synchro-
nization (CS) [4]. Interestingly, the LS appears in a weaker
coupling limit lower than that of CS [5, 6]. In such a LS
state, all the pairs of state variables of the coupled systems
maintain a strong amplitude correlation but shifted by a
common time. Antilag synchronization (ALS) or inverse
lag synchronization [7] is another LS scenario in mismatch
oscillators when two state variables are in antisynchro-
nization state but with a common time shift. The ampli-
tude correlation starts decreasing with decreasing coupling
strength yet a phase synchronization (PS) [8] emerges at
a lower critical coupling when the phases of the coupled
oscillators maintain a constant difference.
We focus on LS scenario that demands more attention
since it is more realistic in the larger coupling regime and
has potential applications [3, 9]. However, we consider
counter-rotating oscillators as our target candidate of LS
studies instead of the conventional co-rotating oscillators.
In contrast to the usual LS in mismatched co-rotating os-
cillators, a mixed LS and ALS emerges in two counter-
rotating oscillators under instantaneous diffusive coupling
above a critical strength. One pair of state variables show
LS while another pair is in ALS. Counter-rotation in oscil-
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lators is a physical reality as shown in an electronic exper-
iment [9] when two oscillators are characteristicially same
[10] but their trajectories rotate in opposite directions,
clockwise or aniclockwise, in phase space. The sense of
a direction in the rotation of a trajectory of a dynami-
cal system was first introduced by Tabor [11] which was
elaborated further by Prasad [10]. A general rule how
to change the direction of rotation in a dynamical sys-
tem was proposed by the authors [9]. It was reported
that, in two identcal counter-rotating oscillators, differ-
ent pairs of state varaibles emerge into a mixed CS and
antisynchronization(AS) state when a scalar coupling is
introduced [9]. By introducing a mismatch in this cou-
pled counter-rotating oscillators, the mixed lag scenario
(MLS) is expected when LS and ALS coexist. We report,
in this Letter, the details of the emergence of this MLS
in mismatched counter-rotating oscillators. We use the
paradigmatic Ro¨ssler model [12] for numerical demonstra-
tion and an electronic circuit for experimental evidence.
Such a MLS can be engineered [13] in co-rotating chaotic
systems by a design of delay coupling, however, to our
best knowledge, it is not reported so far in systems under
instantenous diffusive coupling where it is an emergent
behavior.
In the Ro¨ssler oscillator, the trajectory has a x-y plane
of rotation while it tries to escape intermittently along
the z-axis but returns back to the plane of rotation and it
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repeats. The Ro¨ssler system may be described by,
x˙ = Ax+ f(x) + C, x ∈ ℜ3 (1)
where A is a 3×3 constant matrix and represents the linear
part of the system, f : ℜ3 → ℜ3 contains the nonlinear
part of the system, and C is a 3× 1 constant matrix.
By giving a spatial rotation of the Euler angle of the
A matrix, a change of direction of the trajecrory of a dy-
namical system is incorporated [9]. Two counter-rotating
Ro¨ssler oscillators are thereby obtained [9] and described
with a scalar coupling,
x˙i = −ωiyi − zi + ǫ(xj − xi)
y˙i = ωixi + ayi
z˙i = b+ zi(xi − c) (2)
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Fig. 1: Time series for LS between state variable x1 and x2
and ALS between state variables y1 and y2 with ǫ = 0.2. Other
parameters are unchanged.
where i, j = 1, 2, i 6= j represent two oscillators, ω1 =
ω +∆ω, ω2 = −(ω −∆ω) and ǫ is the coupling strength
and, ω = 0.97,∆ω = 0.02, a = 0.165, b = 0.2 and c =
10. A change in the sign of ω1,2 parameters effectively
introduce the necessary change in the Euler angle to create
counter-rotations in the system. One might not confuse
here with a negative frequency since ω parameter is the
representative frequency of the Ro¨ssler system. It may be
a different parameter not related to frequency for another
system which is explained, in detail, in ref. [9].
Two identical counter-rotating oscillators (∆ω = 0)
emerge into a mixed synchronization (MS) state [9] where
the directly coupled variables of the plane of rotation
emerge into a CS state and other variables into an AS
state. For the Ro¨ssler oscillator, the plane of rotation is
x− y and when two identical counter-rotating Ro¨ssler os-
cillators are coupled via the x variables, the (x1, x2)-pair
of variables emerge into CS and the (y1, y2)-pair of vari-
ables into AS. Now for an induced mismatch in ω, a MLS
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Fig. 2: Synchronization manifold of the coupled system on the
plane x2 vs. x1 and y2 vs. y1 and delayed version plot x2 vs.
x1(t − τs) and y2 vs. y1(t − τs) for coupling ǫ = 0.2 a regime
with lag synchronization with τs = 0.21.
state emerges when a LS is found in the (x1, x2)-pair of
variables and ALS in the (y1, y2)-pair of variables as shown
in Fig. 1. The time series of (x1, x2)- and (y1, y2)- pair
of variables are shown in Fig. 1(a) and 1(b) respectively.
The x1(t) and y1(t) are plotted in solid blue lines and x2(t)
and y2(t) in dotted red lines. In Fig. 2, x1(t) vs. x2(t)
and y1(t) vs. y2(t) plots are shown which reveals LS and
ALS respectively. This is confirmed when similar plots
are made with an appropriate time shift τs in the x2(t)
and the y2(t) variables in Fig. 2(c) and 2(d) respectively.
This time shift is estimated by using a cross-correlation
measure.
A cross-correlation measure ρ [14] is used here to iden-
tify the largest correlation between any pair of time series,
say x1(t) and x2(t), for varying time shift τ ,
ρx1x2 =
< [x1(t)x2(t− τ)] >
[< x1(t)2 >< x2(t)2 >]
1
2
(3)
where < . > means a time average. The cross-correlation
measure shows a largest maximum at a critical τ = τs
value.
As mentioned in ref. [15], the lag time for all the pairs
of variables is identical in a LS state; they have a common
time shift which is also found true for the counter-rotating
oscillators. For the estimation of cross-correlation between
y1 and y2 which shows ALS, an inverse of one of the y vari-
ables is considered for the Ro¨ssler oscillator. The cross-
correlation plot between x1 and x2 is shown in Fig. 3 for
a coupling strength ǫ = 0.2. At τ = τs = 0.21, the cor-
relation plot shows a largest maximum that estimates the
time shift between the related state variables. An identical
time shift is found between y1 and y2. For the z variables,
the time shift is also identical but not shown here.
The average frequency difference as well as the lyapunov
exponents of the coupled counter-rotating oscillators is es-
timated with varying coupling strength for identification
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Fig. 3: Cross-corelation between (a) (x1, x2) and (b) (y1,−y2).
A closer view of the largest maximum of ρ for pairs of variables
(c) (x1, x2), (d) (y1, y2). For both the cases τs=0.21.
of the critical coupling for a stable MLS. A mixed phase
synchronization (MPS) is first identified for a critical cou-
pling ǫ = 0.04 as shown in Fig. 4 when the average fre-
quency difference goes to zero. The average frequency of
an oscillator is estimated from a scalar variable or a time
series [16, 17] for a long run. In Fig. 4(a), we plot the
average frequency differences of the (x1, x2)-variables (in
blue lines) which are in inphase and, the (y1, y2)-variables
(in red lines) those are in antiphase. However, the MLS is
not recognizble from the average frequency differene plot.
For this, the first four lyapunov exponents of the coupled
counter-rotating oscillator are plotted in Fig. 4(b) which
shows two positive values and two zeros for small coupling.
At ǫ = 0.04, one zero exponent moves to a negative value
indicating the onset of MPS in a similar manner the PS
emerges in co-rotating oscillators [15]. At a larger cou-
pling ǫ = 0.12, one positive lyapunov exponent becomes
zero and the second zero exponent becomes negative which
usually indicates an onset of LS [1,18,19] and, in our case,
it is an emergence of a MLS state.
Now we present an experimental verification of this MLS
scenario using an electronic analog of the piecewise Ro¨ssler
[20] model,
x˙ = −αx− ωβy − λz
y˙ = ωx+ γy − 0.02z
z˙ = g(x)− z (4)
where
g(x) = 0 if x ≤ 3
= µ(x− 3) if x ≥ 3
We construct two counter-rotating circuits of the piecewise
linear Ro¨ssler model as detailed in ref. [9]. For counter
rotation, we cosider ω = ±1 and other parameters are α =
0.05, β = 0.5, λ = 1.0, µ = 7, γ = 0.204. The mismatch is
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Fig. 4: (a) Average frequency difference of (x1, x2) and (y1, y2)
in blue lines and red lines respectively. (b) Four lyapunov ex-
ponents are plotted with coupling strength. Average frequency
difference becomes zero (a) at ǫ = 0.04 when one zero lyapunov
exponent (green line) also becomes negative (b). At a larger
coupling ǫ = 0.12, one positive exponent (red line) becomes
zero and the second zero exponent (black line) moves to a neg-
ative value.
given in parameter β. For two oscillators, the value of β
are 0.5 and 0.45.
Fig. 5: (Color online) Oscilloscope pictures: lag synchroniza-
tion between x1(t) and x2(t) in upper panel, antilag synchro-
nization between y1(t), y2(t) in middle panel. Lag synchro-
nization is confirmed in x1(t)vs.x2(t) plot (left lower panel)
and antilag in y1(t)vs.y2(t) plot (right lower panel).
Figure 5 (oscilloscope pictures) shows experimental ev-
idence of the MLS. The oscilloscope pictures (Yokogawa
DL 9140, 4-channel, 1GHz, 5 GS/s) show pairs of time
series, (x1(t), x2(t)) and (y1(t), y2(t)) in upper panel and
middle panel respectively which are in in-phase and an-
tiphase state but with a time shift. The phase plane plot of
(x1(t)vs.x2(t)) and (y1(t)vs.y2(t)) are shown in the lower
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Fig. 6: Experimental cross-corelation plot for (a)(x1, x2)-pair,
(b) (y1,−y2)-pair of variables. A closer view of the largest max-
ima both cases are shown in (c) and (d) respectively. For both
the pair of variables, the time shift is approximately identical,
τ = 100µs. within the experimental error limit.
panels of Fig. 5. The lag time of experimental time se-
ries is estimated using the cross-correlation measure. The
cross-correlation estimates for both the pair of time series
(x1, x2) and (y1, y2) are presented in Figs. 6(a) and 6(b)
respectively. A closer view of cross-correlation for both
the cases are plotted in Fig. 6(c) and 6(d) and confirms a
largest maxima at a critical lag time 100µs.
In summary, we reported a mixed-lag scenario in mis-
matched counter-rotating oscillators under diffusive scalar
coupling. In this mixed-lag synchronizaton regime, one
pair of state varaibles of the coupled system emerged into
lag synchronization while another pair established anti-
lag synchronization. This is a unique and a novel fea-
ture of chaotic systems, not reported so far, to our best
knowledge. We used average frequency difference and lya-
punov exponent estimation to identify the critical coupling
strength for the onset of the stable mixed-lag synchroniza-
tion. We used a cross-correlation measure of the related
state variables to estimate the amount of time shift or
lag between the different pairs of state variables of the
coupled system. We provided both numerical and exper-
imental demonstration of this mixed lag scenario using a
numerical example of the Ro¨ssler system and electronic
analog of counter-rotating oscillators of a piecewise linear
Ro¨ssler system.
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